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1. PRELIMINARY RESULTS

Definition 1.1. If X is a topological space and E C X, the closure of F in X is
the set

E=(){UC X |Uisclosed and E C U}.

Lemma 1.2. The operation A — A in a topological space X has the following
properties:

Definition 1.3. If X is a topological space and E C X, the interior of EF in X is
the set

Int(E):U{UQX|UisopenandU§E}.

Lemma 1.4. The interior operation A — Int (A) in a topological space X has the
following properties:

) Int (A) C A.
) Int (Int (A)) = Int (A).

) Int (AN B) =1Int (A) NInt (B).

) Int( )= X.

) E is open if and only if Int (E) = E.
) Int (A) UInt (B) C Int (AU B),

)
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(
(
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E
(7) if AC B, then Int (A) C Int (B).
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Lemma 1.5. For any topological space X and subset E of X,
(1) X\Int (E) =X\ E,
(2) X\ E=Int(X\E).
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2. UNIQUE SUBSETS OBTAINED

We aim to find the maximum number of unique subsets we can derive from a
topological space X by applying complements and closures on a given subset F
of X. We provide an upper bound in this section, which we show is indeed the
maximum by providing examples in subsequent sections.

Corollary 2.1. Let A be a subset of a topological space X. If B C X can be
represented as alternating interior and closure operations on the set A, then X \ B
and Int (X \ B) can be represented as the complement of alternating interior and
closure operations on the the set A.

Proof. This is an immediate consequence of Lemma [I.5] g

Note. There is great importance of Corollary it tells us that we can focus on
generating as many unique sets from taking interior and closure operations. Once
we have done so, we can take their complements. Corollary tells us that taking
closure and interior operations on those complements is unnecessary, since they
won’t give us any new sets.

Proposition 2.2. Given any subset E of a topological space X,
(1) Tt (It (E) ) = Int (E),

(2) Int (Int (E)) — Tnt (E).

Proof. Both (1) and (2) have similar proofs. Hence, we only provide the proof of

(1)-
The result (1) follows from Lemma [1.2] and Lemma We get that

Int (E) CE
= W CE
— tut (Tnt (E) ) € Int (F)
and
Int (E) C Int (E)
— Int (E) € Int (Int (E) ).
Thus, equality follows (proving (1)). O

Proposition 2.3. Given any subset E of a topological space X,
Int (E) C Int (rt (E)) C Int (E),Tnt () C Int (E) C E.
Proof. Omitted. Similar proof to Proposition [2.2 O

Corollary 2.4. Let E be a subset of a topological space X . Then there are at most
7 unique sets, including F, obtained by taking interior and closure operations on
E.

Proof. Our candidates for the 7 sets are F/ and those found in the subset chain in
Proposition [2.3] Let &7 be the collection of these sets. Given any A € <7, it is clear
that Int (A), A € «/. Thus, there are at most 7 unique sets obtained by taking
interior and closure operations on F. U

Note. Using Corollary 2.1 and Corollary [2.4] we get that there is at most 14 unique
subsets we can obtain using closures/complements.
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3. MINIMUM NUMBER OF POINTS

In this section we focus on finite topological spaces. We aim to find the minimum
number of points in a topological space required to have an example. Moreover, we
wish to find the number of points the subset contains in such an example.

Example 3.1. We provide a finite example with symmetry that demonstrates 14
is the true maximum (not just an upper bound).
Let X be a topological space with 7 distinct points {—3,—2,—1,0,1,2,3}. Let

#={{1},{3},{-1,1},{-2,2},{-3,3},{-3,—-2,-1,0,1,2,3}}

be a base for X. Let E = {—3,1,2} be a subset of X. Then one can easily obtain
that

o Tnt (E) = {~1,0,1},

e Int (Int (F)) = {-1,1},
e E={-3-2-1,0,1,2},
e Int (E) ={-2,-1,1,2},
e Int (E) ={-2,-1,0,1,2}

Since each of these are unique sets, this shows that the maximum is 14. Notice the
symmetry in our example.

Proposition 3.2. Let E be a subset of a topological space X. To obtain 14 unique
sets from E by applying complements and closure operations on E, X must have at
least 7 points.

Proof. Recall from Proposition 2.3 that

Int (E) C Int (Int (E)) C Int (E),Tnt () C Int (E) C E.

For each of these to be unique, it follows that Int (E) # @ and E # X. Moreover,
each of these subsets must differ by at least one point. Therefore Int (E) contains
at least one point and following the subset chain we get that E has at least five
points. This means that X contains at least 6 points. Example verifies that
using 7 points is possible. Hence, it suffices to show that an example with 6 points
does not exist.

For sake to derive a contradiction, suppose X contains precisely 6 points and that
E has the desired property. By Proposition we know that Int (E) is a singleton
{x} for some z € X. We also know that E is the complement of a singleton {y}
for some y # x € X. Again using Proposition we get that Int (E) and Int (E)

both contain three points. More than this, they are subsets of Int (E) which has

four points. Hence, Int (E) and Int (E) share only two points. Consequently,

Int (F) N X \ Int (E) = {2}

for some isolated point z € X. Since xz € Int (E), it is clear z # x. Moreover, we
know that Int (E) C E = X \ {y} so that z # y.

We now have three isolated points x,y and z. We know that z € E and that
Int (E) = {z}. Soy, 2z ¢ E, for otherwise we can obtain a larger open set contained
in E. But then X \ {y, 2} is a closed set which contains FE and so

E=X\{y} <X\ {y,z},

a clear contradiction. O
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Proposition 3.3. Let E be a subset of a topological space X, where X has 7
distinct points. If we can obtain 14 unique sets from E by applying complements
and closure operations on E, then E either has 3 or 4 points.

Proof. Clearly E must not have a single point, for otherwise consider Int (E) (ei-
ther F is open, or Int (E) is empty). Hence, E does not have 6 points (consider its
complement). Suppose E has 2 points, say = and y. Then w.l.o.g., Int (E) = {z}.
By Proposition y € Int (E) Hence, F C Int (E) That is, E C Int (E), an ob-
vious contradiction (and so E does not have 5 points working with its complement).
Result easily follows. O

4. EXISTENCE AND CONNECTEDNESS

In this section we discuss when an example exists, and some simple consequences
of what happens when one does.
In light of the proof given in Proposition we provide the following result.

Proposition 4.1. Let E be a subset of a topological space X . If we can obtain 14
unique sets by applying complements and closures on E, then there exist v # y €
Int (E) N X \ Int (E) such thatx ¢ E and y € E.

Proof. Suppose that we can obtain 14 unique sets by applying complements and
closures on E. By Proposition 2.3 we get

Int (E) C Int (Int (E)) C Int (E), It (E) C Int (E) C E.

We start by showing Int (E) N X \ Int (E) must be non-empty. For sake to de-
rive a contradiction, suppose that Int (E) N X \ Int (EF) = @. That is to say,

Int (F) C Int(E). But then Int (E) C Int(E). By the subset chain above

(from Proposition , we know that Int (E) C Int (E) such that we have equal-
ity. This clearly contradicts us being able to obtain 14 unique sets. Hence,
Int (E) N X \ Int (F) must be non-empty.

Since Int (E) C Int (E), it follows that Int (E) and Int (E) N X \ Int (E) are
disjoint. Since Int (E) N X \ Int (E) is open, there must exist some z € Int (E) N

X \ Int (F) such that « ¢ E. For otherwise we would obtain the contradiction

Int (E) # Int (E) U <Int (B) N X \ Tnt (E)) CE.
For sake to derive a contradiction, suppose that Int (F) N X \Int (F) and FE are
disjoint. We know that
Int (E)NX\Int(E) CE
by Proposition That is to say, Int (E) NX\Int (E) and X \ E are disjoint open
sets. But then their union is an open set larger than X \ F which contains no points

of E. This is a clear contradiction. Thus, there exists y # « € Int (E) N X \ Int (E)
such that y € E. O

Note. We might also wish to show similar result (or that it does not hold) for

X\ Int (E) NInt (E).
Corollary 4.2. Let E be a subset of a topological space X . If each set in the chain

Int (E) C Int (Int (E)> C Int (E),Tnt (E) C Int (E) CE

are unique, then we can obtain 14 unique subsets by applying complements and
closures on F.
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Proof. We need only prove that F is different from each set in the subset chain. We
will provide a proof by contradiction. To this end, suppose that E is equal to one
of the sets in the subset chain. Then FE is either open or closed. Then Int (E) = E
or £ = E for each of the respective cases. But this clearly contradicts each of the
sets in the subset chain being unique. For we would otherwise have Int (E) = E or
Int (E) = Int (E). O

Proposition 4.3. Let E be a subset of a connected topological space X with non-
empty interior. Then we can obtain 14 unique sets by applying complements and

closures on E if and only if Int (Int ) ¢ {Int ), Int ( )} and Int ( ) +FE.

Proof. (=) It is clear that obtaining 14 unique sets by applying complements and
closures on E is gives us Int (Int ) {Int ), Int ( )} and Int (E) £ E.

) o4 {Int Int( )} and Int( ) # E. By Proposi-

(«<=) Suppose Int (
tion [2:3]
Int (E) C Int (Int (E)) C Int (E), It (E) C Int (E) C E.
By the subset chain and that Int (F) is non-empty, it follows that every set in the

subset chain is non-empty. We aim to show that each of these are unique. By
Corollary [£:2] this is sufficient.

We start by showing F,Int (E) and Int( ) are different from one another. If
E = Int (E), then taking the interior operator on both sides gives us that Int (E) =
Int (m) (a contradiction). If Int (E) = Int (E), then Int (Int (E)) = Int (E)
(a contradiction). The rest follows from our assumptions.

Now, we show Int (E), Int (E) and Int (Int (E)) are different from one another.

If Int (E) = Int (E), then Int (Int (E)) = Int (E) (a contradiction). The rest

follows from our assumptions.
By connectedness of X, the rest easily follows. O

Note. While it seems, with what we have so far, we must have that Int (Int (E)) #*
Int (E) and Int (E) # E, we did not have to choose Int (Int (E )) # Int (E). This
is because Int (Int (E )) # Int (E) if and only if Int (E) # Int (E) (and so we could

have chosen this instead). We remove both of these conditions in the following
result.

Corollary 4.4. Let E be a subset of a connected topological space X with non-empty
interior. Then we can obtain 14 unique sets by applying complements and closures

on E if and only if Int (E) # Int (Int (E )) E # Int (E) and Int (E)NX \Int (E) #
.
Proof. (=) Follows from Proposition [4.1 and Proposition

(«<=) By Proposition it suffices to show that Int (E) 75 Int (Int (E )) Sup-
pose that they were equal. Then

@ 4 nt (E) N X \ Tnt (E) = Int (Int (E)) N X\ Int(E) = 2,
a contradiction. [l

Note. Perhaps by removing connectedness, we can change Int ( ) NX\Int ( )£ O
to that seen in Proposition
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5. OPEN AND CLOSED SETS

In this section we will answer the same question for when FE is either open
or closed (or both), and provide some other basic results for the interior/closure
operators.

Proposition 5.1. E is an open set if and only if

E =Int (E) C Int (Int (E)> = Int (E) C It (E) = Int (E) = E.
Proof. Obviously if Int (E) = E then F is open. Now, suppose E is open. Then
ECnt (E)

which implies

E CInt (E)
such that they are equal (refer to Proposition in this proof). Moreover £ =

Int (E) rather trivially. Lastly observe
tnt (E) = Int (Tnt (F) )
so that the result follows. O

Note. We can obtain an upper bound of 6 from this, which we show is the maximum
in the following example.

Example 5.2. Merely take the same topology from Example and instead start
with E = {1}.

Proposition 5.3. F is a closed set if and only if
Int (E) = Int (Int (E)) —Int (E) C Int (B) = Int (B) C E = E.

Proof. Obviously if E = E then E is closed. Now, suppose E is closed. Then

Int (F)CE
which implies
Int (Int (E)) C Int (E)

so that equality holds (refer to Proposition in this proof). Moreover Int (E) =
Int (E) rather trivially. Lastly, observe that

Int (E) = Int (E)
so that the result follows. O

Note. Again we obtain a maximum of 6, but this should be no surprise. Rather
trivially, if E is clopen then the maximum is 2 (itself and its complement).

A more interesting question is now to ask the following: suppose we have some
open set (closed set) E of a topological space X which is not closed (open). Then
what is the minimum number of unique subsets we can obtain? We know the
maximum is 6 and that it must be even (so candidates are 2,4,6). But we can
clearly rule out 2. Let X = R and £ = (0,1) (or [0,1]). This is an example of
obtaining 4, so we have shown that the minimum is 4 and the maximum 6.

Corollary 5.4. Let E be a subset of a topological space X. Then Int (E) attains 6
unique sets and E attains 6 unique sets if and only if E attains 14 unique sets.
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Proof. Suppose that Int (E) attains 6 unique sets and E attains 6 unique sets. Then

Int (E) C Int (Int (E)) C Int (B)

and
Int (E) C Int (E) CE.

By Proposition it suffices to show that Int (Int( )) # Int (E) and that
Int (E) # Int (E),Int (E). Since Int (Int( )) # Int (E) if and only if Int (E) #

Int (E), we need only show that Int (E) # Int (E),Int (E). If Int (E) = Int (E),
then Int (E) = Int (E). So we need only show that Int (E) # Int (E).
For sake to derive a contradiction, suppose that Int (E) = Int (E) Then

Int (E) C Int (E).
That is to say, Int (E )OX\Int( ) =@. O

Proposition 5.5. Given any subset E of a topological space (X, T) with E, X\E ¢
J,Int (E) # @ and Int (X \ E) %+ &, we have

Int (E) N Int (m) #+ 2.

Proof. Let x € Int (E) Then there exists some open nhood U of z contained in E.
Since F is neither open or closed, we have that
ENX\E+#92.
Now, since
It (ENX\E) =Tnt () NIt (X E),
we must prove that C' = E N X \ E has non-empty interior. Let x € C. If every
nhood of z meets X \ C, then O

6. METRIC SPACES

Example 6.1. Consider the metric space (R, d) where d is the usual metric on R.
Let F={ze€Q|2<z<3}and U= . Then E = FUU UN is an

neN n+1’7

example:

(1) Int (E) = U,

(2) Int (E) = [0,1],

(3) Int (Tnt (E)) = (0,1),

(4) E=[2,3]U[0,1]UN,

(5) Int (E) = (2,3)U(0,1),

(6)
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